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This paper is devoted to description of interpolation orbits with respect to linear 
operators mapping an arbitrary couple of L p spaces with weights {L po (U ), L pi (Ui)} into 
an arbitrary couple {L qo (Vo), L qi (Vi)}, where 1 < Po,Pi,qo,qi < oo. By L P (U) we denote 
O ■ the space of measurable functions / on a measure space 97t such that fU G L p with the 
norm \\f\\ Lp(u) = \\fU\\ Lp . 

Let {Xq, Xx} and {Yq, Y\] be two Banach couples, a G Xq + X%. The space 
Orb(a,{X , X±} — > {Yq, Y\}) is a Banach space of y G Yq + Y\ such that y = Ta, 
where T is a linear operator mapping the couple {X , X{\ into the couple {Yq, Y±}. The 
<^ norm is defined by 

\\y\\orb = inf max(||r||xo-y , II^IUi-^vi), 

where infimum is taken over all representations of y in the form y = Ta. This space is 
called an interpolation orbit of the element a. 

We are going to describe the spaces 



•3 

C3 



'■ Orb(a, {L po (U ), L Pl (Ui)} - {L qo (V ), L qi (Vi)}) 

(N 

(N| ■ for arbitrary a, any 1 < p , p l7 q , qi < oo and any positive weights U , U\, V , V\. 

Fundamental results on description of these spaces in separate cases are well known 
since 1965. The key role was played by the J.Peetre K-functional. 

\ Let {X , Xi} be a Banach couple, x G X + Xi, s > 0, t > 0. Denote by 
-i— > ■ 

§ K(s,t,x;{X , Xi}) = inf s||z |Uo + *lkilUi 

q , i=xo+xi 

. !_h ! where infimum is taken over all representations of x as a sum of Xq G X and Xx G X x . The 
function K{s,t) is concave and it is uniquely defined by the function K(l,t,x; {X , Xx}) 
which is also denoted by K(t,x; {X , Xi}). 

If 1 < Po < qo < oo, 1 < pi < qi < oo, the orbits Orb(a,{L Po (Uo), L Pl (Ui)} — > 
{L go (Vo), L ?1 (V]_)}) were described as the generalized Marcinkiewicz spaces, i.e., 

Orb(a,{L Po (U ), L^U,)} -> {L ?0 (V ), 

= M^^Lg^Vo), IrftCKi)) = {y : sup — < oo}, 

s ,t <p{s,t) 

where <p(s,t) = K(s,t,a; {L po (U ), L pi (Ui)}), for any a G L Po (U ) +L Pl (Ui). First results 
were obtained by B.S.Mitiagin and A.P.Calderon in the case po = qo = 1 and Pi = qi = oo. 



The final steps in the description were done by G.Sparr in [12], and V.I.Dmitriev in 
M. In particular G.Sparr showed that if 

K(s,t,y;{L P0 (V Q ), L Pl {V x )}) < CK(s,t,a;{L Po (U ), L Pl (£/i)}), 

then there exists a linear operator T : {L Po (Uq), L Pl {U\)} — ► {L Po (Vo), L Pl (Vi)} such that 
V = Ta. 



V.I.Dmitriev in Q had also found a description of orbits in the case of arbitrary 
1 < Po, Pi < oo and g = <Zi = 1 as weu as hi the case of arbitrary 1 < p 1 , q < oo and 
Po — <Zi — 1- These Dmitriev's results were not estimated properly at that time because 
the form of description seemed to be not satisfactory. 

The result we are going to present here goes up to the paper [Q where some optimal 
interpolation theorems were found. These theorems could be considered as a descrip- 
tion of interpolation orbits of elements a from a one-parameter family but for arbitrary 
indices 1 < Po,Pi,qo,qi < oo. Developing this approach the following description was 
conjectured in JJ. The space Orb(a, {L Po (Uo), L Pl (Ui)} — > {L qo (Vo), L qi (Vi)}) is sit- 
uated between L 5o (Vo) and L qi (Vi) exactly in "the same place" where the Calderon- 
Lozanovskii space <p(L ro (Wo), L n (Wi)) is situated between L ro (Wo) and L ri (Wi), where 
(p(s,t) = K(s,t,a,{L P0 (U ), L pl (Ui)}) and r^ 1 = (q^ - p + , rf 1 = (gf 1 - p± 1 )+. 
This hypothesis was confirmed in the paper jlO| for elements a with quasi-power func- 
tions <f(s,t) = K(s,t,a,{L Po (Uo), L Pl (Ui)}). (Note that it may happen that the space 
L Po {Uo) + L Pl (Ui) does not contain such elements at all.) Now we show that hypothe- 
sis from || is true for any a G L po (U ) + L Pl {Ui). We also present a slightly modified 
description of interpolation orbits which resembles Dmitriev's description from |4[]. 

1°. The method of means for any quasi-concave functional parameter. 

Let ip(s,t) be interpolation function, that is let p(t) = <p(l,t) be quasi-concave and 
<f(s, t) be homogeneous of the degree one. Assume that ip G $o which means that </?(l, t) — > 
and <^(t, 1) — > as t — > 0. Denote by {t n } a balanced sequence corresponding to the 
quasi-concave function pit) (see ||). The sequence may be constructed by induction 

. / p{t n+ i) t n+1 p(t n )\ 
mm — - — — , = q > 1. (1) 



jO(*n) t n p(t n+1 ) 

(For simplicity in the sequel we suppose that the sequence {t n } is two-sided.) Such 
sequences invented by K.Oskolkov were introduced to interpolation by S.Janson (see 0). 

The main property of this sequence is the following 

K(s,t,{p(t n )},{l po , IpAtn 1 )}) ~<p(s,t) (2) 
for any 1 < po,Pi < oo (see [|TTJ). 

Definition 1. Let {Xq, X\} be any Banach couple, p(t) be a quasi- concave function such 
that ip G $o o,nd 1 < po,Pi < oo. Denote by (f(X , Xi) POiPl the space of x G X + X\ such 
that 

x = p(t n )w n (convergence in X + Xi), 

where w n G X D X\ and {\\w n \\ Xo } e l po , {t n \\w n \\ Xl } G l pi . 

The norm in ^(Xq, Xi) POjPi is naturally defined. In the case of (p(s,t) — s 1 e t e , < 
6 < 1 these spaces where introduced by J. -L. Lions and J.Peetre and were called the spaces 
of means (see 0). In this case we take t n = 2 n . As we shall see later that new notations 
we use here have it's own reasons. 

Note that the space <p(X , Xi)^^ coincides with the generalized Marcinkiewicz space 



M^Xq, Xi) as well as with the space (X , Xi) P)00 (see [§],|Tl 



Let {X , Xi} be a couple of Banach lattices. Recall that the space (p(X , X x ) is the 
space of all elements from X + Xi such that \x\ = (p(\xo\, \xi\), where x £ X , x\ £ X 1 
with the norm 

IMUx ,Xi) = inf max(||xo||xo, IMUi) 

X0,X1 

and the infimum is taken over all representation of \x\ in the form v?(|xo|, \xi\)- 
Lemma 1. Let 1 < po?Pi < °°> then 

Po,pi- 

(Note that if U = 1 and C/i = 1, then f(L po , L P1 ) is an Orlicz space.) 
Proof. Let us show the embedding 

ip(L Po (U ), L P i( u i))po,pi C tp(L P0 (U ), L Pl (Ui)). (3) 

Let 

where {||w„||l po } G Z Po , and {^n|| w n||L P1 } £ ^>i- We introduce a linear operator 

where p' denotes the index dual to the index p, i.e., p' — (1 — l/p) -1 . We put 
T (0 = 5^^™' (convergence in L po (U ) + L pi (E/i)) 

foT^el^ + l^it- 1 ). 

If £ £ l p ' o , then the series (u>„£n) is absolutely convergent in L po (U ). If £ £ Vi^n 1 )' 
then the series (w n £, n ) = (wntn^nt' 1 ) is absolutely convergent in L Pl (Ui). Moreover ev- 
erywhere on the measure space DJl we have 



Since 



we deduce 



/ \U (m)w n (m)\ Po dm = ^ 



9rt 



(^ K(m)p) 1/po = Wb(m) £ L P0 (U ). 



Analogously 



C£(tn\w n (m)\D 1/P1 = W 1 (m) £ L^iU,). 



Hence 

\T($(m)\<Wo(m)U\\i p , for £ e l^, 

TO(ro)| < W^mMl^ for £ G ^fc 1 )- 

This means that the operator T is factorized through a couple of weighted Loo-spaces. So 
we have 

T:/ p[) -,L 00 (H/ - 1 (m))cL Po (?7o), 

(Without loss of generality we suppose here that almost everywhere on the measure space 
9Jt both weights Wo and W± are not equal to 0.) 

It is easily seen that the image x of the sequence {p(t n )} with respect to the operator 
T is equal to the sum 

x = ^p{t n )w n . 

In view of (||D 

K(s, t, {p(t n )}, {V , l P [(t- 1 )}) x <p(s,t). 

Hence 

= K(s,t,x,{L 00 (Wo 1 ),L 00 (Wr 1 )}) <C^(s,t), 

which imply 

|x(m)| ^^(Wo^^xH^^LooCWo- 1 ),^^- 1 )}) <C^ ( m ),^H). 

So we obtain x G <p(L Po (U ), L pi (Ui)) and embedding fl3|) is proved. 
Now consider the embedding 

<p(L po (U ), L P1 (U!)) C (p(L P0 (U ), L^))^. (4) 
Let a G ip(L po (U ), L Pl {Ui)). Denote by if){t) the K-functional of a, i.e., 

^) = i^,a,{L po (t/ ), M^i)})- 

and denote by {u m } a balanced sequence for the function if). (Note that if) G $o because 
of a G (p(L P0 (U ), L Pl (Ui)) C {L P0 (U Q ), L Pl (Ui)) Pi00 .) Then 

^(t) x LT(t, {^( Mm )},{/ P0 , i Pl (u m ')}) xif(t, {^(u m )},{/ 00 ,Z 00 (u m 1 )}). 

(Note also that index m runs over some interval M in Z.) By the Sparr theorem for the 
couples {L Pq (Uq), L Pl (Ui)} and {l Po , l Pl (u^)} there exist linear operators 

A : {L po {U ), L pi (C/i)} -> {/ po , l pi (Urn)} 

and 



such that A(a) = {ip{u m )} and B({ip{u m )}) = a. Since the Calderon-Lozanovskii con- 
struction is an interpolation functor for couples of L p spaces we deduce 

{ip(u m )} e <f(l P0 , Ip^u- 1 )). 

Recall that any element a G <p(L po (U ), L pi (Ui)) belongs to the orbit of the sequence 
{p(t n )} with respect to linear operators mapping the couple {1^, looit' 1 )} into the couple 



{L Po (Uq), L Pl (Ui)} (see, for instance |TTJ] ) . This means that there exists a linear operator 



such that T({p(t„)}) = a. 

Let us consider the composition 

AT . {^oo)^oo(^ n )} > {^Po! I"Pii U m )}) 

which maps {p(t„)} into {ip(u m )}. 

Since l p C we consider the operator AT as an operator mapping the couple 
{looJooitn 1 )} i 11 ^ the couple {looJoo(u^)}- The embedding l p C are (1, p)-summing 
by the Karl-Bennett theorem [[!]], hence 

{\\AT{e n )\\ loo } G l Po {tn\\AT(e n )\\ loc{u ^} G l Pl , 

where {e n } denotes the standard basis in l p spaces. 
Hence 

V'Om) = ^p{t n )AT(e n ) = ^2p(t n )w n , (5) 



which means 

U m ))po,Pl- 

In view of (151) 



K(t, {ip(u m )}, {IcoJooK 1 )}) < ^2 p(t n )K(t,w n , {l^Jooiu^)}), 
therefore by (^) 

K(t,{^(u m )},{l P0 , WO» < Cj^Pi^K^Wn^l^l^ 1 )}). (6) 

By the K-divisibility (see [0]) for the couple {l po , l pi (u^)} (^) implies that there exists 
a sequence w' n G l po fl l pi (u^~) such that 

Wum)} = ^2p{t n )w' n , 

and 

K{t,w' n ,{l P0 , WO» < GCK^w^iUl^u- 1 )}). (7) 



Since 

lim K(t,w' n ,{l po , l pi (Kn)}) = \Wn\M 



t— too 



I'D 



and 

1 



l^T^^'^'i^O' l Pli U m)}) = \\ W 'n\\l pi (u^) 



t^O t 

inequalities (|7|) imply 

IK||* P0 < QC\\w'J locJ \\K\\i Pli u^) < 6C 1KIL(0- 

Hence 

{^{u m )} e (p(l po , 1 P1 ( 

)) P 

The construction ip(X , Xi) P(hPl is evidently an interpolation functor, hence the image 
of {ip(u m )} with respect to linear operator B : {l Po , l Pl {u^)} — > {L Po (Uo), L Pl (Ui)} 
belongs to <p(L P0 (U ), L Pl (Ui)) POtPl . Namely a = B({^(u m )}) G <p(L po (U ), L Pl (Ui)) P(hPl . 
So the embedding (§) and Lemma 1 are proved. 

Remark 1. The embedding (|j) in the casepo. Pi > 2 may be proved without the Karl- 
Bennett theorem and K-divisibility. We may simply mention that for a unconditionally 
convergent series (w n ) in L p we have {||u>n||L p } G Z p if p > 2. 

Let us now describe the space <p(L po (U ), L pi (Ui)) in term of the K- 
functional. Take any a G <p(L po (U ), L pi (Ui)), consider the K-functional ij;(t) = 
K(l,t,a,{L po (U ), L pi (Ui)}) of a. Since if G $ , then ip G $ - 

It is easily seen that a G <p(L Po (Uo), L Pl {Ui)) if and only if {ip{u m )} G <f(l Po , l Pl {u^)), 
where {u m } is a balanced sequence for the function. 

Recall that interpolation function (p is called non-degenerate if the ranges of the func- 
tions <p(t, 1) and <p(l,t) where t > coincide with (0, oo). 

Lemma 2. If <p is non-degenerate, the space (p(X , Xi) POiPl consists of x G X + X\ for 
which 

{K(u m ,x,{X , X x }} G (p(l po , l pi (u^)), 

where {u m } is a balanced sequence for the function K(t,x, {X ,Xi}). 

Remark 2. Note that the spaces p(X , Xi) PtP coincide with the space (X , Xi) PjP 
introduced by S.Janson (see ||). Lemma 2 gives us a new description of these spaces as 
well. 

Proof. Let us show that Lemma 2 is true for any interpolation function ip G $o an d any 
mutually closed Banach couple. Recall that a couple {X ,Xi} is called mutually closed 
if X = X and X± = Xi, where X denotes the completion of X with respect to X + X\. 
If x G y?(X ,Xi)p 0iPl , then 

x = ^2p(t n )w n (8) 

n 

where 

X] IWISb < °°> ^(t n \\w n \\ Xl ) Pl < OO. 



The expansion (§) implies 

K(t,x,{X , Xi}) < ^p(t n )X(t,m„,{X , X x }). 

n 

Let us denote again by ip(t) = K(t,x, {X , Xi}). Hence 

K(t, {i/;{u m )},{l po , l pi (u^)}) < Y^P(tn) K (t>nn,{Xo, x i})- 

n 

By the K-divisibility applied to the couple {l Po , l pi (u m 1 )} we obtain a sequence w' n G 
l po fl l pi (u^) such that 

{^(w m )} = ^2p(t n )w' n 

n 

and 

K(t,<> {Z Po , Ip.iu- 1 )}) < 6CK{t,w n , {X , X x }) (9) 

for any n. 

By (|) we get 

\\w'n\\l P0 < 6C\\w n \\ Xo , IKIIz^u" 1 ) < 6C|K|| X() 

as it was done in Lemma 1. So we conclude {ip(u m )} G <p(l po , ^i(Wm 1 )) P0 , pl and 

M«m)} G <p(/ po , ^(u" 1 )) 

by Lemma 1. 

Now we suppose that 

{ip(u m )} G <p(l po , Ip^u- 1 )) = <p(l Po , l Pl (u^)) Po , Pl , 

then 

n 

where 

{IKIkJ e W {IKIIz^- 1 )} e W 

Hence 

AT(t,a, {X , XJ) = ^(t) < CX(t,{^ m )},{/ P0 , WO» 

^ C '53p(*n)- K '(*> lw n,{ipo» ^ife 1 )})- 

By the K-divisibility of the couple {X , Xi} we find a sequence w n G Xo + Xi such 
that 

a = y^p(t w )w ra 

n 

and 

X(t, Wn ,{X , Xx}) < 6CX(t,<,{Z P0 , Z Pl (0»- 



Hence 

lim K(t,w n ,{X , X,}) < 6C|K, U 



PQ 



hm-K(t,w n ,{X , X,}) < GClKH^^i). 

This means 

\\Wn\\x < 6C 1Klk > \\Wn\\ Xl < 6C||< || ^ (u -i } . 

Thus a G <£>(X , X 1 ) P0)Pl . So if X = X and Xi — X\, Lemma 2 is proved without 
any assumption on the function tp G $ - It may be shown that 

^(^0,^l)p ,Pi = ^(^Q)^l)po,Pi 

if <£> is non-degenerate (see 0). Lemma 2 is proved. 

Let now ip G $o an d V 9 be degenerate. If both ip(l,t) and 1) are bounded then 
ip(t, s) x min(s, t) and naturally we have 

Po,pi ~ 

Suppose now that <p(l, t) is bounded and <p(t, 1) is not bounded. In this case a balanced 
sequence for tp turns out to be one-sided. Let us think that we have {t n }°- oo- 

Let us show that 

cp(x , x 1 ) POjP1 = (x ,Xi)^ POjPi nx , 



where by (X , Xi)^ popi we denote the space of x G X + X 1 such that 

{K(u m ,x, {X , Xi})} G ip(l Po , l Pl {u^)). 

We have already shown that 

(X ,Xi)^ POjPi = (p(X , Xi) P0)Pl . 

Since {t n } is one-sided we have 

y?(X ,Xi)p 0iPl C tp(X ,Xi) 

oo,oo CX . 

Hence 

viXo, Xi) POiP1 c (x ,Xi)^ P0)P1 ni . 

If now x G (X , X 1 )^ po pi flX , then there exists an element a G (/i, /i(2 _/c )) ¥ , 5 p 0)Pl such 
that x = Ua, where U : {/i, li(2~ k )} — > {X , Xi} (see ||1 1|| , where we have shown that 
interpolation from the couple {Z l5 Z 1 (2 _,fc )} to any Banach couple is essentially described 
by K-method.) The couple {Zi,Zi(2~ fe )} is mutually closed. Hence a G <p(h, h(2~ k )) POtPl , 
therefore 

o 

a = p(t n )a n , 

n=—oo 

where {||a n ||^} G l Po , {*n||an|hi(2- fc )} G Z Pl - Thus 

o 

Efo= ^ p(t n )U(a n ), 



x 



where {\\U{a n )\\ Xo } G l P0 , {t n ||C/(a„)|| Xl } G l Pl . So we have x G (f(X ,Xi) P0)Pl . 

Thus we obtain a description of the functor f(X , X 1 ) po Pl for all functions ip G $o- 

If at least one of po, p\ is equal to infinity, then functions K(s, t, a, {L Po (Uo), L Pl {U\)}) 
where a G L Po (Uo) + L Pl (Ui) not always belong to $o- So if we are going to describe orbits 
in terms of <p(X , Xi) popi , we need in the definition of the functor ^(^cb X 1 ) po pi not only 
for if G $o- 

Recall that any interpolation function f(s,t) can be presented in the form 

if(s, t) = as + f3t + <fo(s, t), 
where <f G $o- If a or /3 is greater than 0, then <f ^ <3> . 

Definition 2. //y? arbitrary interpolation function, then denote by (f{X , Xi) POiP1 the 
space 

aX + f3Xi + y? (^o, Xi)po,pd 

where aX denotes the space X with the norm ||x||ax = if a > 0, and aX = if 

a = 0. 

Note that if both a and (3 are greater than zero, then 

Xi) po . pi — + Xi 

for any p and p\. 

2°. The main theorem. 

Theorem. Let {L po (U ), L pi (Ui)} and {L,j (Vo), L 9l (Vi)} be two Banach couples, 
where 1 < Po,Pi,Qo,Qi < °°7 aD d a G L po (U ) + L pi {U\) such that (f(s,t) = 
K(s,t,a, {L PQ (U ), L Pl (Ui)}) G $ , tien 

Or6(a, {L P0 (C/ ), M^)} - {A^o), M^)» = <p(L qo (V ), M^OWn, 

where r^ 1 = (g^ -1 — p$ ) + and 1 = (gf 1 — Pi" 1 ) + • 6^- s usua-' x + denotes the positive part 
of x.) 

The rest cases <p(s, t) ^ $0 can be easily reduced to <f(s, t) G $0 as it was done in [p| 
where the analogous situation takes place for p < q and p\ <q\. 

The proof is a combination of the following propositions. 

Proposition 1. For any 1 < Po,Pi,qo,qi < 00 and any weights U , Ui, V , V\, and for 

any a G L po (U ) + £ Pl (tA) 

Orb(a,{L P0 (U ), L^U,)} - {L qo (V ), L^V,)}) C (p(L qo (V ), L qi {V x )) ro>n . 

Proof. Let b = Ta, where T : {L Po {U ), L Pl (£/i)} -> {L ?0 (H), M^i)}- Reca11 
that p(t) = <^(1,£)- Denote a p = {/>(*„)}, 4>(u) = K(u, b, {L qo (V ), L qi {Vx)}) and 
— {'Z'K)}) where u m is a balanced sequence for ip{u). The Sparr theorem implies 
that there exists a linear operator S : {l Po , l Pl (t~ 1 )} — ► {Z 90 , ^(m^ 1 )} such that Sa p = 6^,. 

We consider the embedding {l qo , l qi {u^)} C {/oo? ioofc 1 )}. It is known that the 
embedding l qi C /oo are (l,^)- summing operators (by the Karl-Bennett theorem, see 

111 II ^ TTon 1 *a if /Tf„ «^ ti^. r""hcm T~Vto i tti Q fro /"if f"Vid ci - a n rl a T*r1 Vtocir* connonr'O in / tTEri+~l~) rDcnop+ +/~\ 



-sequence, that is {HS^erOH^} G l nv where r 1 = q 1 —p l . Analogously 
{^nll^erJII^u- 1 )} G / ri , where rf 1 = gf 1 — p^ 1 . Hence in any case we have 

{\\S(e n )\\ loo } el ro , and {U|£( e n)IL (u -i)} G l ri , 

where r^ 1 = (g^ 1 - p 1 ) + and rf 1 = (gf 1 - p^U- 

Therefore by definition G y?(Zoo, ^oo(u^))r , ri - By Lemma 2 this means 

)})} G ^(ir,,, Z ri (l> m )), 

where {v m } is a balanced sequence of the function K(v,b^, {l^, loo(u^)}) x 
K(v,biii, {l qo , l qi (u^)}) = ip(v). Hence we can take v m = u m , and by (|[) 

K(u m ,b,{L qo (V ), L qi (Vi)}) x K(u m ,b^,{l qo , IqMm)}) x K{u m ,b^, {ko^oofe 1 )}) 

So {L 9Q (Vo), igi(Vi)})} G (p(l ro , Ir^u^)). By Lemma 2 Proposition is 

proved. 

The following propositions are devoted to the inverse inclusion 
<p(L qo (V ), MVi)) ro , ri C Orb(a,{L po (U ), L^U,)} - {L w (Vb), 

For any 6 G ^(L 90 (Vo), -^gi(Vi)) r0iri we must find an operator T G 
{L Po (£/o), -^pi(^i)} — * {L qo (Vo), L qi (Vi)} such that b = Ta. Again with the help of the 
Sparr theorem we substitute a by a p and b by b^ as well as initial couples by {l Po , l Pl {t~ 1 )} 
and {l qo , l qi {u^)} respectively. 

Proposition 2. Let {ip(u m )} G y(/ r0 3 W u ra))i then there exist sequences G l ro 

and {Pm} G l ri such that 

K{ S ,t,{i>{ Um )}, {h(l/P°J, h(l/P^Um)})<C<p{s,t). 

Proof. Since {4){u m )} G ip{l ro , l ri { u m)) we have ^K) = ^(«m> where {a£j G Z ro , 

Consider now the convolution of and where e° = (1 — for j < and = 
for j > 0. Denote 0° = e° * a . Analogously (3 l = e 1 * a 1 , where e] = (1 — eY for < j 
and e ° = for j < 0. Choose e > sufficiently small. Then 

/t +1 (l- £ )</t, ^(l-£)<^ +1 , (10) 

< < (3° m , ai < /3i and (3° G L,, /3 1 G Z n . 

Indeed e°, e 1 G Zi, hence /3° G l ro , [3 1 G Z ri in view of convolution properties. Since 
Eq = e\ = 1 we have < /3^, < (3^. By definition 

o 

fc=— oo 

(We define a as outside the interval M.) 



Since 

-l -l 
fi+i = E ^ ~ £ ) k+la °m-k = (1 - e) E (1 - ^) fc ^_ fc 

fc=— oo k=—oo 

we obtain ^ +1 (l- e )<^°. 
Analogously 

oo 

= E^ 1 ~~ e )* a m-*: 
fc=0 

and 

oo oo 

/t+i = E (1 - zf +1 oL- k = (1 " e) E C 1 - 
fc=-i fc=-i 

Hence /3^(1 - e) < 

For the K-functional of {^(« m )} we have now 

K(s,t,{Hu m )}, Oi(V/t), h(l//3 l m u m )}) = E ^m)min — * 

mGM 



For s = £ = we have 

< E ^)lr + E ^wr-- 

m<k Pm m>k PmUm 

By ([[]) and ([U]) we conclude that right hand side of the latter inequality is estimated by 
a sequence equivalent to ipiuk). 

Indeed in view of ([[]) 

ip{u m ) < 1 Um tp(u m+1 ) < 1 



^K) g|+i < £ AUm #wj < 1 

where </ > 1 if e is sufficiently small. 
Hence 



and by (0) 



Therefore 



for m < k, and 



k—m 



m—k 



i>{u m ) fi\u k \q' 
for m > k. These inequalities imply 

E v>K)# < 33T^w, E J£p ^ ^i^w- 



Thus 

ml (3 l k u k ) < -^—ip(uk) = -^—^{ala\u k ) < -l—ipffi,^), 
q ' — 1 q ' — 1 q' — 1 

therefore 

tf(M,{^(«m)}: 0l(V/O, /l(l/^«r»)}) <Cip(8,t). 

Proposition is proved. 

Proposition 3. Let = {ip(u m )} G <p(l ro , W^™ 1 )), then there exists a linear operator 
S : {l P0 , l Pl {t~ 1 )} -> {l qo , l qi (Um)} such that S(a p ) = V 

Proof. Without loss of generality we assume that po > qo, Pi > qi- By Proposition 2 we 
can find /3° G l ro and /3 1 G Z n . Consider embedding 

Ji(V&«m)} C {WV/t), ^(V&ti^) C {l qo , l qi {u m V )}} (11) 

and the element b^. 

By the left-hand side embedding and Proposition 2 we have 

K(s,t,{i>(u m )}, {l P0 (l/(3°J, I pi {l/I3 l m u m )}) < C<p(s,t). 

Since <p(s,t) x K(s,t,a p , {l Po , l Pl (t~ 1 )}) by the Sparr theorem there exists an operator 
S . {/p , l pi 

(tn 1 )} OpoC 1 /^)) ^(V^™)} mapping a p into V 
The composition of S and the right hand side embedding in ([TT| ) is the desired mapping. 
Thus Proposition and Theorem are proved. 
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